We present here some symmetric fractional Rogers-Hölder's inequalities using Riemann-Liouville integral on time scales. We consider and impose different conditions on three non-zero real numbers p, q and r when 
Introduction
Rogers-Hölder's inequality is an important and well-known inequality. This inequality has a lot of applications. We give its symmetric form here. When f j g j h j = 1 for all j = 1, 2, ..., m, where f j , g j , h j are sets of positive values, then, as given in Aczél and Beckenbach (1978, p. 147) for three non-zero real numbers p, q and r, where all but one of p, q and r are positive. Inequality (1.1) is reversed if all but one of p, q and r are negative for sets of positive values of f j , g j and h j for all j = 1, 2, ..., m.
We unify and extend inequality (1.1) on time scales. Time-scale calculus was initiated by Stefan Hilger as in Hilger (1990) . This inequality and its reverse form can be proved in weighted form by using Riemann-Liouville integral on time scales. Their different versions can be expressed in same manner. 
PUBLIC INTEREST STATEMENT
The theory of time-scale calculus is applied to reveal the symmetry of continuous and discrete and to combine them in one comprehensive form. In time-scale calculus, results are unified and extended. It is studied as Delta calculus, Nabla calculus and Diamond-α calculus. This hybrid theory is also widely applied on dynamic inequalities. Riemann-Liouville integral is denoted by I α f, where α is a positive integer and is called order of Riemann-Liouville integral, is actually a generalization of the repeated antiderivative of f. Riemann-Liouville integral is named for Bernhard Riemann and Joseph Liouville. The possibility of fractional calculus was first considered by Joseph Liouville in 1832. Dynamic inequalities on time scales using Riemann-Liouville integrals are presented in more generalized form.
Throughout the work, we suppose that is a time scale, a, b ∈ with a < b and an interval [a, b] means the intersection of a real interval with the given time scale.
Preliminaries
We need here basic concepts of delta calculus. The results of delta calculus are adapted from .
A time scale is an arbitrary non-empty closed subset of the real numbers. For t ∈ , forward jump operator : → is defined by:
The mapping : → ℝ + 0 = [0, ∞) such that (t): = (t) − t is called the forward graininess function. When = ℝ, we have (t) = t and (t) ≡ 0 for all t ∈ and when = ℕ, we have (t) = t + 1 and (t) ≡ 1 for all t ∈ . The backward jump operator : → is defined by:
The mapping : → ℝ + 0 such that (t): = t − (t) is called the backward graininess function. If (t) > t, we say that t is right-scattered, while if (t) < t, we say that t is left-scattered. Also, if t < sup and (t) = t, then t is called right-dense, and if t > inf and (t) = t, then t is called left-
For a function f : → ℝ, the derivative f Δ is defined as follows.
such that for all > 0, there exists a neighborhood U of t with for all s ∈ U, then f is said to be differentiable at t, and f Δ (t) is called the delta derivative of f at t.
A function f : → ℝ is said to be right-dense continuous (rd-continuous), if it is continuous at each right-dense point and there exists a finite left limit at every left-dense point. The set of all rd-continuous functions is denoted by C rd ( , ℝ).
The next definition is given in .
holds for all t ∈ k , then the delta integral of f is defined by:
The following results of nabla calculus are taken from (Anderson, Bullock, Erbe, Peterson, & Tran, 2003; .
If has a right-scattered minimum m,
there exists a neighborhood V of t, such that for all s ∈ V. For = ℝ, we have f ∇ (t) = f � (t) and for = ℤ, the backward difference operator is defined by f ∇ (t) = ∇f (t) = f (t) − f (t − 1).
(t): = inf{s ∈ :s > t}.
(t): = sup{s ∈ :s < t}. The next definition is given in (Anderson et al., 2003; .
holds for all t ∈ k , then the nabla integral of g is defined by
We need the following definitions of Δ-Riemann-Liouville-type fractional integral and ∇-Riemann-
The following definition is taken from (Anastassiou, 2010a (Anastassiou, , 2012 .
Definition 3 For ≥ 1, the time scale Δ-Riemann-Liouville-type fractional integral is defined by:
where h : × → ℝ, ≥ 0 are coordinate wise rd-continuous functions, such that h 0 (t, s) = 1,
The following definition is taken from (Anastassiou, 2010b (Anastassiou, , 2012 .
Definition 4 For ≥ 1, the time scale ∇-Riemann-Liouville-type fractional integral is defined by:
where ĥ : × → ℝ, ≥ 0 are coordinate wise ld-continuous functions, such that ĥ 0 (t, s) = 1,
Main Results
The following result can be proved for different conditions imposed on p, q and r as p > 0, As f 1 ( )f 2 ( )f 3 ( ) = 1, then (3.3) takes the form:
Then the proof is clear. □
Remark 1 If we take = 1 and w( ) = 1 and also = ℤ in Theorem 1, then, we get discrete version of Rogers-Hölder's inequality as given in (1.1) , where f 1 ( ) = f j , f 2 ( ) = g j and f 3 ( ) = h j for all j = 1, 2, ..., m are sets of positive values.
Remark 2 If we take = 1, w( ) = 1, r = −1, p > 1 and also = ℤ, where f 1 ( ) = f j , f 2 ( ) = g j and f 3 ( ) = h j for all j = 1, 2, ..., m are sets of positive values, then, we get discrete version of RogersHölder's inequality from Theorem 1, as:
Hölder's inequality was first found by Hölder as given in Hölder, (1889).
Remark 3 If we take = 1, w( ) = 1, r = −1, p > 1, where f 1 ( )f 2 ( )f 3 ( ) = 1, then we get integral version of Rogers-Hölder's inequality from Theorem 1 as given in Agarwal et al. (2001 Agarwal et al. ( , 2014 , Bohner and Peterson (2001) .
When w( ) = 1, r = −1, p > 1 and also = ℝ, where f 1 ( )f 2 ( )f 3 ( ) = 1, then (3.1) takes the form:
as given in Dahmani (2012) .
Similarly nabla version of Theorem 1 can be written as: ([a, b] , ℝ − {0}) for i = 1, 2, 3 and p, q and r be three non-zero real numbers
Proof Similar to the proof of Theorem 1.
□ ([a, b] , ℝ − {0}) for i = 1, 2, 3 and p, q and r be three non-zero real numbers with
Proof Similar to the proof of Theorem 1. □ Similarly reverse of nabla version of inequality (3.4) can be written as: ([a, b] , ℝ − {0}) for i = 1, 2, 3 and p, q and r be three non-zero real numbers with
Proof Similar to the proof of Theorem 1. □ Now, we generalize the result given in inequality (3.1) on delta calculus. 
